In this work we investigate the holographic dark energy models with slowly time-varying model parameter defined based on the current Hubble horizon length scale. While the previous studies on the three popular holographic dark energy models defined based on the future event horizon, Ricci scale and Granda-Oliveros IR cutoffs showed that these models cannot fit the observational data [1] , in this work we show that the holographic dark energy models with time-varying model parameter defined on the current Hubble radius are well favored by observations. Using the standard χ 2 minimization in the context of Markov Chain Monte Carlo method, we compare the ability of holographic dark energy models with time-varying c 2 parameter constructed on the current Hubble length scale against different sets of observational data namely expansion data, growth rate data and expansion+growth rate data respectively. Based on the values of Akaike and Bayesian information criteria, we find that these types of holographic dark energy models are well fitted to both expansion and growth rate observations as equal to ΛCDM cosmology. We also put constraints on the cosmological parameters and show that the transition epoch form early decelerated to current accelerated expansion calculated in holographic dark energy models with time-varying model parameter defined on the Hubble length is consistent with observations.
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I. INTRODUCTION
The current accelerated expansion of the universe can be well explained either by introducing an exotic cosmic fluid with a sufficiently negative pressure dubbed dark energy (DE), or by modifying the standard theory of gravity on extragalactic scales [2] [3] [4] . A combined analysis of cosmological observations indicates that the current universe is spatially flat and dark energy occupies about 2/3 of the total energy budget of it [5] [6] [7] . The first theoretical candidate of dark energy is the well known cosmological constant Λ in which the equation of state (EoS) parameter is equal to −1. Although the concordance Λ cosmology is consistent with the cosmological observations, it always suffers from two puzzles: the fine-tuning and the cosmic coincidence [8] [9] [10] . Alternatively, in the last two decades, numerous other candidates for dark energy with a time evolving energy density have also been proposed in the literatures in order to solve or at least alleviate the above cosmological problems [11] [12] [13] [14] . In these models, the EoS parameter of dark energy varies a function of cosmic redshift. Unfortunately, most of the proposed models for DE are phenomenological and the nature of DE is unknown. Therefore, some cosmologists were motivated to propose a model in which the origin of DE is based on physical principles, namely it is related with the effects of quantum gravity. In this regard, the first model was proposed by [15] by applying the holographic principle, which is the fundamental principle in the quantum gravity scenario [16, 17] , on cosmological scale to propose a model for DE called the holographic dark energy model. * rezaei@irimo.ir
The holographic principle indicates that all physical information inside in a space-volume can be interpreted as a hologram which corresponds to a theory locating on the boundary of that space [16, 17] . It has been shown that the effective local quantum field theories greatly overcount degrees of freedom because the entropy S, in a box of size L with UV cut-off Λ c scales extensively for an effective quantum field theory, S ∼ L 3 Λ 3 c [16, 17] . Historically, the peculiar thermodynamics of black hole has led Bekenstein to postulate that the maximum entropy in a box of volume L 3 behaves non extensively, growing only as the area of the box, i.e. there is a so-called Bekenstein entropy bound, S ≤ S BH ≡ πM 2 p L 2 [18, 19] . This non-extensive scaling indicates that quantum field theory breaks down in large volume. To conciliate this breakdown with the success of local quantum field theory in describing observed particle phenomenology, Cohen et al. [20] suggested a more restrictive bound, the energy bound. They pointed out that in quantum field theory a short distance (UV) cutoff is related to a long distance (IR) cutoff due to the limit set by forming a black hole. In other words, If we have a system with size L, its total energy should not exceeds the mass of a black hole with the same size, i.e., L 3 ρ Λ ≤ LM 2 p , where ρ Λ is the quantum zero-point energy density caused by UV cutoff. In cosmological contexts, when the whole of the universe is taken into account, the vacuum energy related to the holographic principle can be viewed as holographic dark energy (HDE) with energy density given by
where c 2 is a dimensionless numerical parameter and the coefficient 3 is for convenience. Very often, for the sake of simplicity, the c 2 parameter is assumed constant.
Depending on length scale L, we can define the following types of HDE models [see also [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] . (i) The simplest choice is the Hubble length, i.e., L = H −1 . In this case the density of DE will be close to the observational data, but the current accelerated expansion of the universe cannot be recovered [22, 23, 32] . (ii) The other choice is particle horizon. In this case, it is impossible for HDE model to provide an accelerated expansion of the universe [15] . (iii) Another simple choice for L is the future event horizon [15, 33] . It has been shown that this HDE model accommodates the late time accelerated expansion [32, 34] . Also, the coincidence and the fine-tuning problems are well alleviated at this length scale [15] . The HDE model defined on the basis of future event horizon has been extensively investigated in recent years [33, [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] . (iv) The length scale L can be chosen as the curvature of spacetime, namely the Ricci scalar R [27, 46] . It has been shown that the Ricci HDE model is consistent with the observations of supernova type Ia [46, 47] . (v) Another choice for length scale L is proposed by Granda & Oliveros (GO) [48] . GO cutoff defined based on the combination of the Hubble parameter together with its time derivative. In this proposal the late time accelerated phase of expansion is well achieved [48] and also this model is consistent with supernova type Ia observations [49] . Except cases (i & ii) in which the current accelerated phase of expansion is not achieved, other cases ,i.e., cases (iii, iv & v) , are the most popular types of HDE models studied extensively in the literature. Recently, it has been shown that the HDE models defined based on future even horizon, Ricci scale and GO cut-off, i.e., cases (iii, iv & v) , are fitted to observational growth rate data in perturbation level as equally as concordance ΛCDM universe [1] . In addition, as was mentioned above, these models are consistent with the observations of SNIa. However, by combination of all observational data in expansion level including SnIa, baryonic acoustic oscillation (BAO), cosmic microwave background (CMB) radiation, Big Bang Nucluesenthsis (BBN) and Hubble expansion data, [1] showed that the Ricci and GO HDE models have a strong tension with observations and consequently disfavored [see also 49] . This result is unchanged when we combine all observational data in expansion and perturbation levels [1] . Moreover, the HDE model defined based on event horizon, i.e., case (iii), is in a mild tension with expansion and expansion+growth rate data [1] . Also from theoretical point of view, since the HDE model (iii) is defined based on the event horizon length scale, an obvious drawback concerning causality appears in this scenario. 32, 50, 51] . Also the significant advantage of this model is that the density of HDE is not depending on the future or the past evolution of the universe.
In this paper we investigate the HDE models defined in Hubble length with varying c 2 term in both expansion and perturbation levels. We first examine the model against the latest observational data in expansion level including those of SNIa, BAO, CMB shift parameter, BBN and expansion Hubble data. In next step, we study the model in perturbation level using the latest growth rate data, i.e., f (z)σ 8 data. In fact, DE not only accelerates the expansion rate of the universe but also changes the evolution of matter perturbations and consequently the formation epochs of large scale structures of the universe [52] [53] [54] . Moreover, in the case of dynamical DE models, in which the EoS parameter evolves with cosmic time, the growth of large scale structures are also affected by perturbations of DE [31, [55] [56] [57] [58] [59] [60] [61] [62] [63] [64] [65] [66] [67] [68] . In the context of Markov Chain Monte Carlo (MCMC) analysis, we setup an extended formalism in which the background expansion data are joined with the growth rate data to put tight constraints on the parameters of HDE model and evaluate it against combined observational data [for similar studies, see [69] [70] [71] [72] [73] [74] [75] [76] [77] [78] [79] [80] [81] [82] [83] .
The paper is organized as follows. In Sect. II, firstly, we introduce the FRW cosmology in the context of HDE models with varying c 2 parameter defined in Hubble length and secondly investigate four different parameterizations of c 2 parameter. In Sect.III, we implement the likelihood analysis in the context of MCMC method using the geometrical expansion data to place constraints on the parameters of HDE models and compare the validity of models against observations. Then the evolution of main cosmological quantities in background level according to the dynamics of HDE models is studied. In Sect.IV, the growth of perturbations in our models is studied. We then perform another likelihood analysis using the solely growth rate data to examine the HDE models in perturbation level. Eventually, we perform an overall likelihood analysis using the background + growth rate data to test the HDE models against the combined cosmological data. In Sect.V, the paper is concluded.
II. HDE WITH VARYING c 2 TERM
Here we investigate the background evolution of HDE with the slowly varying c 2 term by taking in to account the current value of Hubble horizon as the IR cutoff [see also 29, 32, 50, 51] . We are motivated to consider why one should consider the time varying function for c 2 parameter in HDE models defined in Hubble length scale. In fact in DE cosmologies, DE dominates the universe at very late times (ρ total = ρ d ) . So from the Freidmann
. On the other hand, from Eq.1, we can say
Hence we obtain the value of c 2 parameter at very late times as
. It is obvious, at earlier times, c 2 cannot be equal to its value at far future (E 2 (z → −1)), because it would not leave room for dark matter and radiation. Therefore, to describe the evolution of energy densities at both matter dominated and dark energy dominated epochs, time varying c 2 is inevitable. In order to satisfy the slowly varying condition, we shall use four wellknown parameterizations to describe c(z). These parameterizations are Chevalier-Polarski-Linder (CPL) parameterization (Model 1) [84] , Jassal-Bagla-Padmanabhan (JBP) parameterization (Model2) [85] , Wetterrich parameterization (Model 3) [86] , and Ma-Zhang parameterization (Model 4) [87] , described in terms of redshift as follows:
Model (2) :
Model (3) :
Model (4) :
One can see that in all of the above equations, setting c 1 = 0 leads to the original HDE model with constant c parameter. Notice that the original HDE models in Hubble length cannot explain the acceleration of the universe [22, 23, 88] . For isotropic and homogeneous spatially flat FRW cosmologies, driven by radiation, non-relativistic pressure-less matter and DE, the first Friedmann equation can be written as
where H ≡ȧ/a is the Hubble parameter, ρ r , ρ m and ρ d are the energy densities of radiation, pressureless matter and DE, respectively. Introducing the density parameters Ω i , for radiation, non-relativistic pressureless matter and DE, we obtain
By using these parameters, we can write Eq.6 as
In the absence of interactions among the three fluids the conservation equations for corresponding energy densities are given byρ
where the over-dot denotes a derivative with respect to cosmic time t. From Eq.1 and using current value of Hubble parameter as IR cutoff the energy density of HDE models can be written as
Now using Eq.7 we can obtain energy density for the HDE as
where E(z) = H(z)/H 0 . Replacing Eq.13 into Eq.8 and using the evolution functions of Ω r and Ω m we arrive
where Ω 0 m and Ω 0 r are the present values of matter and radiation density parameters respectively. Notice that we utilize Ω r0 = 2.469 × 10 −5 h −2 (1.6903) to obtain the current value of the energy density of radiation, while h = H 0 /100 [89] . Therefor the Hubble parameter, E(z) takes the form
If we take the time derivative of Eq.12, we obtaiṅ
Inserting Eq.16 into Eq.11, we can obtain the EoS parameter of HDE models as
where prime means derivative with respect to x = ln a. Clearly, for constant c parameter we have c ′ (z) = 0 which leads to w d = −1 representing concordance ΛCDM universe. We see from Eq.17 that the evolution of EoS of HDE models depends on the evolution of c(z). When we have c(z)c ′ (z) < 0, HDE models evolves in quintessence regime, i.e. w d > −1 and in other hand when c(z)c ′ (z) > 0, HDE evolves in phantom regime, i.e. w d < −1. In what follow, we obtain the EoS parameter of HDE models using four different parameterizations of c(z) introduced in Eqs. (2) (3) (4) (5) .
A. Model (1), The CPL parameterization Based on Eq.2,one can see that at early times (z → ∞), c → c 0 + c 1 while at the present time we have z → 0 and thus c → c 0 . This means that parameter c changes slowly from c 0 + c 1 at early times to c 0 at present time. Taking derivatives of Eq. 2 with respect to x = ln a we obtain
Replacing Eqs. (18 & 2) in Eq.17, the EoS parameter of model (1) takes the form
B. Model (2), The JBP parameterization
In this case the parameterization for c(z) is given by Eq.(3). Taking derivative of Eq.3, we have
Substituting Eqs. 3 and 20 into Eq. 17, we obtain the EoS parameter for model (2) as
In this form, at z = 0 we have c = c 0 and in other hand at early times, when z → ∞ we have c = c 0 . But among these two epochs and also in the future, we could have c = c 0 .
C. Model (3), The Wetterich parameterization
The other parametrization we consider in this work, is Wetterich-type which is given by Eq. (4). In this form, at present time, z = 0, we have c = c 0 while at the early times where z → ∞ we have c = 0. Thus based on Eq. 1, at the early universe the HDE model did not have considerable role in the evolution of the universe. Like previous parameterizations in order to obtain c ′ (z) and w d we should take derivatives of Eq. 4 with respect to ln a which leads to
Substituting Eqs. 4 and 22 into Eq. 17, one gets the EoS parameter for model (3) as
The last parameterization we choose for c(z) is the MaZhang parameterization which reads Eq. (5). For this parameterization, at the present time we have c(z) = c 0 , while at the early time where z → ∞, one can find c(z) = c 0 − c 1 ln 2. If we consider this form for c(z), we could not investigate the future behavior of c(z), because it diverges when z → −1. Taking derivative of Eq.5 we have
Finally, inserting Eqs. 5 and 24 in Eq. 17, we obtain
III. HDE MODELS AGAINST EXPANSION OBSERVATIONAL DATA
Bellow, we investigate the HDE models using the above parameterizations for c(z), against the latest observational data in background expansion level. Specifically, we perform a statistical analysis using the background expansion data including those of SnIa (we utilize here the catalog with a binned sample data which consists of 31 SNe Ia events from joint light-curve analysis (JLA) [90, 91] ), BAO [89, [92] [93] [94] [95] , the position of the acoustic peak in the Planck CMB data [96] , BBN data point which constrains mostly Ω b0 [97, 98] , Hubble data from the redshift evolution of cosmic chronometers [99] [100] [101] [102] , and the recent data point of Hubble constant H 0 [103] . Concerning the Planck CMB experiment, in our analysis we use the method of distance priors which are proposed to be a compressed likelihood to substitute the full CMB power spectrum analysis [see [104] [105] [106] [107] . In these studies, CMB data are incorporated by using constraints on parameters(R, l a , Ω b h 2 ) instead of using the full CMB power spectra. It has been shown that measuring the parameters(R, l a , Ω b h 2 ) provide an efficient and intuitive summary of CMB data as far as dark energy constraints are concerned. Also in REFF. [107] , the authors compared the distance prior method with the full CMB power spectra analysis by constraining some dark energy models and showed that the results from both methods are in full agreement. Considering these points, the total chi-square χ DM0 , Ω b0 , h} for ΛCDM model. By setting z = 0 in Eq.14, it is easy to show that c 0 is a dependent parameter which equals 1 − Ω 0 m − Ω 0 r . Based on the Maximum Likelihood Principle, maximizing L tot (p) or equivalently minimizing χ 2 tot (p) leads to the best compatibility between the models under study and the observational data points [108] . Thus we use MCMC analysis to find the best values of free parameters which minimize χ 2 tot (p).
To compare HDE models considered in this work, we use the well known information criteria, namely AIC [109] and BIC [110] . In particular, AIC and BIC are given by
where χ 2 min is the minimum value of χ 2 tot , k is the number of free parameters and N is the total number of observational data points. In this paper, at the background level we have N = 79 and k = 3 for ΛCDM and k = 4 for HDE models respectively. Reader can find more details about computing of the χ 2 (p) function, the MCMC analysis, the Akaike information criterion (AIC) and the Bayesian information criterion (BIC) in [79] [see also 31, 67, 89, 111, 112] . In the current step of our analysis we present the statistical results in the first column of TableI. We find that all the HDE models provide the values of χ 2 min close to that of the usual Λ cosmology. But since HDE models have one free parameter more than those of ΛCDM, we should compare their AIC and BIC values with that of in ΛCDM cosmology. We find ∆AIC = AIC − AIC Λ < 2 which indicates that the HDE models considered in this study are consistent with the expansion data as equally as ΛCDM cosmology. In the case of BIC, since the ∆BIC = BIC−BIC Λ for all of HDE models is smaller than 6, so there is no strong evidence against HDE models. Note that the HDE models defined based on the event horizon, Ricci and GO length scales have mild and strong tensions with background expansion data [see 1]. In the left panels of Fig.1 we present the numerical values of ∆AIC (up-left) and ∆BIC (bottompanel) for different HDE models studied in this work.
We also present the best fit values and mean 1σ and 2σ errors of free parameters for different HDE models in Table (II) . Using these best fit parameters in Fig.2 we plot the redshift evolution of main cosmological quantities in background level including the EoS parameter, ) for different HDE models considered in this work. We observe that the present value of EoS of HDE models are smaller than −1. This result shows that the EoS parameter of HDE models evolves in the phantom region (w d < −1) at low redshifts. Particularly, in the case of Model (2), the EoS parameter of DE evolves from quintessence regime at higher redshifts and enter the phantom regime at z ∼ 1. While for other HDE models considered in this work, the EoS parameter varies slowly in the phantom regime until relatively higher redshifts. Notice that at very high rdshifts, the EoS parameter of Models (1, 2 & 4) coincide to w Λ = −1. From the middle panel of Fig.2 , we observe that the value of E d (z) for HDE models is smaller than E Λ (z) at low redshifts. This means that compared to Λ cosmology, in the presence of HDE models the universe experiences smaller expansion rate at lower redshifts. The maximum value of relative difference ∆E for different HDE models varies between 0.9 − 1.2% and occurs at redshifts z ∼ 0.5. Lastly, from the bottom panel of Fig.2 we find that the value of Ω d for all HDE models is smaller than Ω Λ . Now let us switch to the deceleration parameter q, which is one of the main cosmological parameters in background level representing the phase expansion of the universe. It is defined in terms of scale factor, as
Following standard lines, one can obtain [83]
Replacing Eqs. (13 & 17) in Eq.29 and inserting the result in Eq.28 we would have the deceleration parameter q in HDE models as follows
Now using best-fit values of free parameters we plot the evolution of deceleration parameter as a function of z in Fig.3 . We observe that in all cases, including that of ΛCDM, universe starts to accelerated expansion (q < 0) at z tr ∼ 0.7. Similar results for transition redshift from early decelerated to current accelerated expansion in the framework of DE and modified gravity theories [83, [113] [114] [115] . As expected, at high redshifts, the epoch at which DE has no significant effect on the evolution of universe, q tends to 1/2.
IV. HDE MODELS AGAINST GROWTH RATE OBSERVATIONAL DATA
In this section, we investigate the linear growth of matter perturbations in the presence of HDE cosmologies. In order to find the effects of DE on the linear growth of matter fluctuations we have two different scenarios which have been widely investigated in literature [31, 52, 67, 79, 83, [116] [117] [118] [119] [120] . We limit our analysis to sub-horizon scales, where the results of Pseudo Newtonian dynamics are well consistent with those of General 
Model
Model (1) Model (2) Model (3) Model (4) ΛCDM Ω [121] [see also 67, 68] . In fact using these initial conditions we verify that matter perturbations always stay in the linear regime. Now we can obtain the evolution of fluctuations (δ m , δ d ) and using them we can calculate the growth rate f (z) = d ln δ m /d ln a of large scale structures in the presence of different HDE models considered in this work. We also calculate the rms mass variance at R = 8h
δm(z=0) σ 8 (z = 0) in HDE models to compare the theoretical prediction of f (z)σ 8 (z) quantity in HDE cosmologies with growth rate observational data measured from redshift space distortion (RSD) of galaxies. In this way we perform another likelihood analysis using the growth rate (f (z)σ 8 ) data. In this step we have N = 18 (number of data points) and k = 5 for HDE models (p = {Ω DM0 , Ω b0 , h, c 1 , σ 8 }). The numerical results form χ 2 min analysis obtained in this step are shown in the second and third columns of Table (I) respectively for homogeneous and clustered HDE models. Furthermore, we present the relevant AIC and BIC values in the parentheses. We observe that for all HDE models ∆AIC < 2 (see also middle-up panel of Fig.1 ) which implies, as well as ΛCDM, all the HDE models are consistent with the growth rate data. On the other hand, for all models we have ∆BIC < 6 (see also middle-bottom panel of Fig.1 ) which supports the results obtained from AIC criteria. Thus using growth rate data only, we find that there is no strong evidence against HDE models compare to standard ΛCDM cosmology. Same as previous section we present the best fit values and mean 1σ and 2σ errors of free parameters for different HDE models in Tables (III & IV) respectively for homogeneous and clustered DE scenarios. From the best fit value of free parameters and their relatively large errors obtained in this step, we find that growth rate data cannot solely put strong constraints on DE parameters, especially on parameter h which has the greatest error value.
We now perform an overall likelihood analysis using the expansion data combined with growth rate ones. In this case, the total chi-square χ 
As mentioned before, the vector p contains the free parameters of the particular cosmological model. In this step, the relevant parameters are {Ω DM0 , Ω b0 , h, c 1 , σ 8 }, so we have k = 5 and N = 97. Same as the previous step, we consider two different homogeneous and clustered HDE scenarios. The results of our analysis for different HDE models, are shown in Table I (two last  columns) and Tables (V & VI) for homogeneous and clustered DE cases respectively. We observe that performing overall likelihood using both background and growth rate data leads to relatively smaller values for ∆AIC and ∆BIC. This result is more significant for Models (1,3 & 4) where we have ∆AIC < 0 . This result indicates that the value of AIC parameter in these HDE models is smaller than the same parameter in concordance ΛCDM cosmology. However, the difference is smaller than 2 and in this comparison we can not reject the ΛCDM model. Comparing the results obtained from combined analysis with those of Sect. II we conclude that in the both of homogeneous and clustered DE scenarios, adding back-TABLE III. A summary of the best-fit parameters for the homogeneous HDE models using growth rate data.
Model (1) Model (2) Model ( TABLE IV . A summary of the best-fit parameters for the clustered HDE models using growth rate data.
Model (1) Model (2) Model (3) Model (4) TABLE V . A summary of the best-fit parameters for the homogeneous HDE models using expansion + growth rate data.
Model (1) Model (2) Model (3) Model ( TABLE VI. A summary of the best-fit parameters for the clustered HDE models using expansion + growth rate data.
Model (1) Model (2) Model (3) Model ( The redshift evolution of deceleration parameter q(z) using best fit parameters obtained from MCMC analysis. The different HDE models are characterized by the colors and line-types presented in the inner panel of the figure. ground data to the growth rate ones, leads to smaller 1σ and 2σ errors. Also, the best fit values of free parameters for different HDE models are coming closer to those found for ΛCDM model. Using the best fit values of cosmological parameters presented in Tables (V & VI) , we plot the fractional difference growth rate f (z) with respect to that of ΛCMD model (∆f (%) = 100 × [f (z) − f Λ (z)]/f Λ (z)) in the upper panel of Fig.4 . In the lower panel, the observed f (z)σ 8 (z) is compared to the theoretical predicted growth rate for different HDE models. We see that all HDE models are fitted to observational growth rate data as well as concordance ΛCDM universe.
We observe that for all HDE models, the evolution of ∆f has an maximum at low redshifts. As expected, this feature in the evolution of ∆f is related to the evolution of ∆E. Indeed, we verify that higher values of the normalized Hubble parameter E(z) correspond to smaller values of the growth rate. Thus, when ∆E has a minimum we expect the growth rate ∆f to have a maximum and vice versa (see middle panel of Fig. 2 and upper panel of Fig.4) . At high redshifts the relative difference ∆f → 0, since at high redshifts, the role of DE becomes negligible and universe is matter dominated, namely δ m ∝ a. Thus the growth rate for all HDE models as well as ΛCDM model tends to unity and therefore the relative difference tends to zero. The present value of ∆f , for homogeneous ( clustered) Model (1) 
V. CONCLUSIONS
In this work we investigated the cosmological properties of holographic DE with varying c 2 term in the context of Hubble distance, H 0 as the IR cutoff. We considered four different well known parameterizations to describe the evolution of c(z) parameter. After putting constraints on the free parameters of the models using background observational data, we studied the behavior of the basic cosmological quantities include w d (z), Ω d (z), E(z) and q(z) in the presence of different HDE models. In the perturbation level we used latest growth rate data and consider homogeneous and clustered DE scenarios. We showed that all of HDE models under study, are well fitted to cosmological data like ΛCDM model, both at background and perturbation levels. In particular, our main results may be summarized as follows:
(i) Initially, using the latest background observational data we performed a likelihood analysis for different HDE cosmologies in the context of MCMC method. Based on this analysis we placed constraints on the free parameters of models and we showed that all HDE models are consistent with the background data as equally as concordance ΛCDM universe. Using the best fit values we plotted the evolution of w d , ∆E and ∆Ω d in Fig.2 . We found that the present value of w d in all HDE models is in the phantom region. At z ∼ 1, Model (2) crosses the phantom line w = −1 while rest of the HDE models remains in the phantom regime until relatively higher redshifts. At early enough times, the EoS parameter of HDE models (1,2 and 4) mimics the constant EoS w Λ = −1 of ΛCDM cosmology. We found that the Hubble parameter in HDE cosmologies is ∼ 0.9 − 1.2% smaller than the ΛCDM model at low redshifts. We also showed that in HDE, cosmologies the universe changes its phase from decelerating to accelerating expansion at z tr ∼ 0.7 which in 1σ error is consistent with observations [see also 83, [113] [114] [115] .
(ii) We performed a statistical analysis using the growth rate data in order to put constraints on free parameters of models. In this step we obtained best fit parameters with relatively large error bars. This means that the growth rate data could not put tight constraints on the cosmological parameters. However the results for χ 2 min , ∆AIC and ∆BIC showed that HDE models considered in this work are well consistent with recent growth rate data.
(iii) Finally, we performed a joint statistical analysis using the combined expansion and growth rate data in order to compare the models and put constraints on their free parameters. Based on the best fit parameters obtained in this step, we plotted the evolution of the fractional difference ∆f (%) for HDE models. The maximum value of ∆f (%) occurs at relatively low redshifts, when the role of DE becomes more significant, while the differences among HDE models are negligible at higher redshifts.We found that the absolute value of the difference between AIC (BIC) criteria of HDE models with that of obtained in ΛCDM cosmology is smaller than 2 (4). Hence we concluded that the HDE models with time varying model parameter defined on Hubble length are well fitted to observational data as equally as concordance ΛCDM model. In an other word, by current cosmological data there is no even weak evidence against HDE models proposed in this work. 
